TWO VARIABLE ANTICYCLOTOMIC p-ADIC L-FUNCTIONS FOR HIDA FAMILIES 

MILJAN BRAKOCEVIC 

Abstract. For the anticyclotomic p-adic Rankin— Selberg L-function attached to a fixed Hecke eigenform 
and an imaginary quadratic field we introduce the second p-adic variable by considering Hida families of 
fNj ^ Hecke eigenforms parametrized by the weight. 

o 

(N 

j^ . 1. Introduction 

For a given normalized Hecke newform / of level ro(A^), iV > 1, weight A; > 1, and nebentypus V': in 
[Brll] we constructed a bounded p-adic cuspidal measure fij following closely |Ka78a) where Katz did that 
for Eisenstein series. The Mazur-Mellin transform of /x/ interpolates the "square roots" of the central critical 
Rankin-Selberg L-values, for the Rankin product of the cusp form / and a theta series of arithmetic Hecke 
JT^ • characters of an imaginary quadratic field, in the case when the weight of the Hecke character is greater than 

that of the cusp form. 

(-H ' The purpose of this paper is to introduce the second p-adic variable by varying / in a Hida family. This 

two- variable p-adic L-function is intimately connected with Howard's classes ( |Ho) ) in the Galois cohomology 
of the p-adic Galois representation Vf attached to /, which were constructed by taking the Kummer images 
of Heegner points on the modular abelian variety attached to /, and then interpolated as / varies in a Hida 
family. Namely, the two- variable p-adic L-function also arises by taking images of the Howard's classes under 
Ochiai's exponential map interpolating the exponential map of Bloch-Kato over the self-dual critical twist 

^ ■ of a Hida family ( jOcj . see also [Caj ). The two- variable measure also provides a generalization of a result of 

Datskovsky and Guerzhoy ( [DaGe] ) on p-adic behavior of Taylor coefficients of a Hecke eigenform at a CM 
point. 



in 



c^ 



en 



f^ ^ To state the main theorem precisely, we first introduce some notation and recall properties of the p-adic 

^-Z ■ measure ///. Let M be an imaginary quadratic field, R its ring of integers and p a fixed prime so that the 

f^ I following assumption holds throughout the paper: 



(N 



(ord) p splits into product of primes p = pp in R. 



We fix two embeddings t,oo '■ Q ^^ C and tp : Q ^-> Cp and write c for both complex conjugation of C and 
Q induced by too ■ Then we can choose an embedding a : M ^^ Q such that the p-adic place induced by 

r^J . Lp o a is distinct from the one induced by tp o c o cr. This choice E = {a} is called p-ordinary CM type 

t^ I and its existence is equivalent to (ord). Let G denote the algebraic group GL(2)/q. Let / be a normalized 

" " " Hecke newform as above and let f be its corresponding adelic form on G{Q)\G{A) with central character 

ip '■— i'l' Ia (s®^ Section 6 of [Brllj for definition). All reasonable adelic lifts of / are equal up to twists by a 
power of the everywhere unramified character |det((7)|A, and f"(g) '■— {\^p{det{g))\~^/^ is a unique one which 
generates a unitary automorphic representation TTf . We further take the base-change TCf to Rcsm/qG. Pick 
an arithmetic Hecke character A of M^\M^ of oo-type (fc, 0) such that condition A|ax = ^p~^ holds. Write 
A^ := (A o c)/|A| for the unitary projection. Under this condition, the L-value L(l/2,7rf (g) A~), regarded 
as that of the Rankin-Selberg L-function associated to f and the theta series 0{X^) of A^, is critical in the 
sense of Deligne and central with respect to the functional equation. 
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Let N = ri/ ^^^''' be the prime factorization and denote by Nns '■= D; non-split ^''^'^ ^^^ "non-split" part. 
Consider the order Rn^sp'^ := Z -t- NnsP^R and let Cl~ := Pic(i?jv„sp"), that is, the group of Rn^sp"' 
projective fractional ideals modulo globally principal ideals. We define anticyclotomic class group modulo 
NnsP^, Cl^ :— lim Cl,7 for the projection 7r„i+„_„ : Cl^j^„ — ^ Cl^ taking a to qRn^^p" ■ By the class field 
theory, the group ClJ^ is isomorphic to the Galois group of the maximal ring class field of conductor NnsP°° 
of M . Let W be the ring of Witt vectors with coefficients in the algebraic closure Fp of the finite field of p 
elements Fp, regarded as a p-adically closed discrete valuation ring inside p-adic completion Cp of Qp. We 
set W — ip^{W) which is a strict henselization of Z(p) = Q n Zp. 

The VF-valued p-adic measure /i/ in |Brll] is constructed on Cl^ so that its moments interpolate the 
special values of the Hecke eigen-cusp form / at CM points on a Shimura variety that underlies the central 
critical values i(^, •^f ® A^). The Shimura variety in question is the tower of modular curves Sh classifying 
elliptic curves up to isogeny constructed by Shimura in |Sh66| and reinterpreted by Deligne in |De71j . These 
CM points X = {E^,r]j;) G Sh are associated to proper ideal classes of Rn„sp^ and carry elliptic curves 
Ex with complex multiplication by M having ordinary reduction over W and equipped with suitable level 
structures rj^ also defined over W. 

Let r := 1 -(- pZp, uj be the Teichmiiller character, and write p for 4 or p according to p = 2 or not. 
Following recipe provided in Section [6l fix once and for all a finite order arithmetic Hecke character ij: of 
M such that V'Iax = '0~^: as well as an arithmetic Hecke character w of M of oo-type (1,0) such that 
w|ax = wl • |a. We embedd Z>2 into Homcont(r, W^) via fc l-^> (7 !-)► 7^^). Then our theorem states: 

Theorem 1.1. Let T = {fk}k be a Hida family of ordinary modular forms fk G 5™'^(ro(A^oP'^p)7 V-""^ '^); 
P \ N , r > 0. There exists a bounded W -valued p-adic measure dj- on Cl^ x F whose Mazur-Mellin transform 
C{F; ■, ■) is a p-adic analytic Iwasawa function on the p-adic Lie group Homcont(Clj^ x F, W^) and such 
that whenever x ■ M^\M^ — >■ C^ is an anticyclotomic arithmetic Hecke character with x(aoo) = Ooo 
for some m > and of conductor NnsP"^ , where s > r-l-ordp(p) is an arbitrary integer, or of conductor Nns, 
we have 



for an explicit constant C{k,ip,uj,XT'm). Here J7p £ W' and D,oo £ C^ are Neron periods of an elliptic 
curve of CM type S defined over W (see Section \3.3\ for the definition), and x '■ M^\M^ -^ W^ defined by 
x{x) = x{x)xp^ ** l-he p-adic avatar of X- 

If we denote by A := VF[[F]] the Iwasawa algebra, then C{F; ■, •) gives rise to an Iwasawa function on 
Spec(iy[[ClJ^]] X A) in the sense that it is a global section of the structure sheaf of Spec(PF[[Cl|^]] x A), i.e. 
an element in VF[[C1^]] x A. 

In Section [7] we present the construction in the case of a "full" ordinary family of modular forms living on 
an irreducible component Spec(I) C Spec(h°'''^), for the unique "big" ordinary Hecke algebra h°'''^ constructed 
in [Hi86a| and jHi86b) , such that Spec (I) is a finite flat irreducible covering of Spec (A). Let I be the integral 
closure of A in the quotient field of I. In Section[7]we construct an Iwasawa function on Spec(VF[[Cl^]] x I) 
in the sense that it is a global section of the structure sheaf of Spec(VF[[ClJ^]] x I), i.e. an element in 
M/[[C1- ]] X i. 
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2. AlGEBRO-GEOMETRIC and p-ADIC MODULAR FORMS 

In order to set a notation, we briefly recall basics of the algebro-geometric theory of modular forms. 

2.1. Algebro-geometric modular forms. Fix a positive integer N and a base Z [■!■]- algebra B. The 
modular curve VJl{N) of level N classifies pairs {E,i]^)/g, for a i?-scheme S, formed by 

• An elliptic curve E over S, that is, a proper smooth morphism tt : E —^ S whose geometric fibers 
are connected curves of genus 1, together with a section : S —)' E. 

• An embedding of finite flat group schemes iN ■ fJ-N ^^ E[N], called level ri(iV)-structure, where 
E[N] is a scheme-theoretic kernel of multiplication by N map - it is a finite flat abelian group scheme 
over iS* of rank 7V^ . 

In other words, D}l{N) is a coarse moduli scheme, and a fine moduli scheme if A^ > 3, of the following functor 
from the category of i3-schemes to the category SETS 

PN{S)^[{E,iN)/s]/^, 

where [ J/^ denotes the set of isomorphism classes of the objects inside the brackets. If w is a basis of 
7r*(5l£/5), that is, a nowhere vanishing section of D,E/Sy one can further consider a functor classifying triples 

{E,iN,uj)/s- 

Qn{S) = [{E,iN,uj)/s]/^ ■ 

Since a G Grn{S) acts on Q{S) via {E,ipf,LL>) i— ;> (£',ijv, aw), Qn is a Gm-torsor over Vpf. This furnishes 
representability of Q by a _B-scheme A4{N) affine over dJl{N)/B- 

Fix a positive integer k and a continuous character ■0 : (Z/NZ)^ —^B^. Denote by Cn the canonical 
generator of /xat. A i?- integral holomorphic modular form of weight k, level ro(A^) and nebentypus ip is a 
fimction of isomorphism classes of {E, ijv, ^)/a, defined over i?-algebra A, satisfying the following conditions: 

(GO) f{{E,iiM,u:)/A) e A if [E.in.uj) is defined over A; 

(Gl) If g : A — ;■ A' is a morphism of _B-algebras then f{{E,iN,uj)/A ®b A') ~ g{f{{E,iN,uj)/A))', 

(G2) f{{E,iN,au;)/A) = a-'^fiiE,iN.oj)/A) for a e A'< = G™(A); 

(G3) f{{E,iis! o b,LL!)/A) = iJj{b)f{{E,iN,u!)/A) for b £ (Z/NZ)^, where b acts on i^ by the canonical 

action of Z/NZ on the finite fiat group scheme /xjv; 
(G4) For the Tate curve Tate{q^) over B ®-z Z{{q)) viewed as algebraization of formal quotient Gm/q'^^, 

its canonical differential 0;^""^ deduced from ^ on Gm, the canonical level ri(A^)-structure i^^te n 

coming from the canonical image of the point ^jv from G^, and all a £ Aut(raie(q^)[A^]) = 

G{Z/NZ), we have 

/((rate(q^), a o i^TTte.^,L0Z^)) G B ®z Z[[q]] . 

The space of _B-integral holomorphic modular forms of weight fc, level Fq (N) and nebentypus ip is a _B-module 
of finite type and we denote it by Gk{N, ip; B). 
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2.2. p-adic modular forms. Fix a prime number p that does not divide N . Let B be an algebra that is 
complete and separated in its p-adic topology; such algebras are called p-adic algebras. For an elliptic curve 
E/g we consider the Barsotti-Tate group _E[p°°] — lim„_E[p"], for finite flat group schemes £'[p"] equipped 
with closed immersions £'[p"] ^-> i?[p™] for m > n, and the multiplication [p™^"] : E[p"^] -^ E[p^] which is 
an epimorphism in the category of finite flat group schemes. Considering a niorphism of ind-group schemes 
ip : /Ltpoo ^^ E[p°°] we have a functor 

Vn{A) = [{E,iN,ip)/A]/s 

defined over the category of p-adic i?-algebras A. By a theorem of Deligne-Ribet and Katz, this functor is 
pro-represented by the formal completion VJl{Np°°) of St(A^) along the ordinary locus of its modulo p fiber. 
A holomorphic p-adic modular form over i? is a function of isomorphism classes of (i?, ijv, ip)/Aj defined over 
p-adic B-algebra A, satisfying the following conditions: 

(PO) f{{E,iN,ip)/A) S A if {E,i]sr,ip) is defined over A; 

(PI) li g : A —^ A' IS a. p-adically continuous morphism of _B-algebras then f{{E,iff,ip)^j^ ®b A') = 

g{f{{E,iN,ip)/A)); 
(P2) For the Tate curve Tate{q^) over B{{q)), which is a p-adic completion of B{{q)), the canonical 

p°°-structure i^otep' *^^ canonical level ri(iV)-structure i^'ateN^ ^^^ p-adic units z & Zp and all 

a e Aut{Tate{q'^)[N]) = G{Z/NZ), we have 

/((rate(9^), a o *— ,^^, z o t^^Ze,p)) e B[[q]] . 

We denote the space of p-adic holomorphic modular forms over B by V{N; B). 

The fundamental g-expansion principle holds for both algebro-geometric and p-adic modular forms (see 
Section 3.2 of |Brll) for the statement under our notation). 

The p°°-level structure ip : /Xpoo ^-> E[p°°] over A induces an isomorphism of formal groups ip : Gm — E 
over A called trivialization of E, where E stands for the formal completion of E along its zero-section. Using 
the trivialization ip we can push forward the canonical differential ^ on Gm to obtain an invariant differential 
ujp := ip,*{-f) on E which then extends to an invariant differential on E. Thus for / G Gk{N,ip; B) we can 
define 

f{{E,iN,ip)) := !{{E,iN,ujp)) 

and thus regard an algebro-geometric holomorphic modular form as a p-adic one. The g-expansion principle 
makes Gk{N, ip; B) ^^ V{N; B) an injection preserving g-expansions. 

3. Modular curves 

3.1. Elliptic curves with complex multiplication. Each Z-lattice a in M is actually a proper ideal of 
the Z-order R{a) := {a e i? | aa C a} of M . On the other hand, every Z-order O of M is of the form 
O = Z -|- cR for a rational integer c called the conductor. The following are equivalent (see Proposition 4.11 
and (5.4.2) in [LAT | and Theorem 11.3 of [CRT] ) 

(1) a is O-projective fractional ideal 

(2) a is locally principal, i.e. the localization at each prime is principal 

(3) a is a proper 0-ideal, i.e. O = R{a). 

This allows us to define the class group Cl^j(O) :— Pic(O) as the group of O-projective fractional ideals 
modulo the globally principal ideals. It is a finite group called the ring class group of conductor c, where c 
stands for the conductor of O. 

In this paper we are concerned with orders Rcp^ :— Z + cp'^R and their ring class groups Cl^ :— Pic(i?cp'») 
when n > 0, where c is a fixed choice of an integer prime to p that will always be clear from the context. By 
the class field theory, Cl~ is the Galois group Gal(7Jcp"/A/) of the ring class field Hcp^ of M of conductor 
cp". The adelic interpretation of Cl~ is given by 

ci,; = Mx\(Afl°°V/(A(-))xi?,v 



where Rcpri ~ Rcp^ ®z Z- The anticyclotomic class group modulo cp°" is defined as G\^ := Um Cl„ for the 
projection nm+n,n '■ Cl,^^„ — ?► Cl^ taking o to oit!cp"- It is isomorphic to the Galois group of the maximal 
ring class field Hcp=<^ — 1J„ Hcp^ of conductor cp°° of M. 

Take a Z-lattice a C M having p-adic completion a^ = a ^z ^p identical to R ®z ^p- Starting from a 
complex torus X(a)(C) = C/a, by the main theorem of complex multiplication f [ACM] 18.6), we algebraize 
it to an elliptic curve having complex multiplication by M and defined over a number field. Then applying 
the Serre-Tate's criterion of good reduction { jSeTa] ) we deduce that X{a) is actually defined over the field 
of fractions /C of W and extends to an elliptic curve over W still denoted by X{a)/y^. All endomorphisms 
of X{a)/Y\f are defined over W and its special fiber X{a) jf = X(o)/w ® ^p is ordinary by our assumption 
that p = pp splits in M. 

heiT{X{a)) = l^^X(a)[A^](Q) be the Tate module of X (a). A choice of a Z-basis (wi,W2) of a= a®j% 
gives rise to a level iV-structure r]N{a) : {l/Nlf ^ X{a)[N] given by 'nN{a){x,y) = £H!i+MHi g X{a)[N]. 
After taking their inverse limit and tensoring with A^°°' , we get a level structure 

T^ia) = 1^ w(a) : (A^""))^ - T(X(a)) SSg A(°°) =: y(X(a)) . 

N 

We can remove the p-part of 77(a) and define a level structure ry^^^ (a) that conveys information about all 
prime-to-p torsion in ^(o): 

T]'^P\a) : (A(p°°))2 ^ T{X{a)) ®g A(p°°) =: V'^P\X{a)) . 

Note that prime-to-p torsion in X(o)/w is unramified at p, and X{a)[N] for p| iV is etale whence constant 
over W, so the level structure rj'^P^a) is stih defined over W QACM] 21.1 and |SeTaj ). 

Since X(a)/vv has ordinary reduction over W, we can identify /Zpoo with the connected component 
X(a)[p°°]° = X(o)[p°°], obtaining the ordinary part of level structure at p, namely 77°'''^ (o) : fip-^ ^-> X(o)[p°°]. 
The etale part of level structure at p, namely 77°*(a) : Qp/Zp = X{a)[p°°Y^ = X{a)[p°°] over W is then fur- 
nished by the Cartier duality. Thus, we constructed a triple 

X(a),v^P\a),4Ha)xrj°/''(a))^^. 

3.2. Definitions and basic facts. For the affine algebraic group G = GL(2)/q let § = Resc/RGm and 
denote by /iq : § ^» G/r the homomorphism of real algebraic groups sending a -I- 61 to the matrix ( ^ ^'' ) . 
The symmetric domain X for G(R) can be identified with conjugacy class of ho under G{M.) and is isomorphic 
to the union ^U^'^ of complex upper and lower half planes via go ho 1-^ goi. Here the left actions of G{R) on 
X and SjUSj'^ are by conjugation and z 1—^ cz+d ^^'^'^ 9 ~ ( c d ) ' respectively. The pair (G, X) satisfies Deligne's 
axioms for having its Shimura variety Sh ( |De71| and |De79| 2.1.1). Sh was first constructed by Shimura in 
|Sh66| but reinterpreted by Deligne in |De71j 4.16-4.22 as a moduli of elliptic curves up to isogenics. More 
precisely, Deligne realized Sh as a quasi-projective smooth Q-scheme representing the moduli functor J-^ 
from the category of abelian Q-schemes to SETS: 

J-Q(5) = {(i?,7y)/5}/., 

where ry : (A*^""^)^ = T{E) (g)g A*^""^ —: V{E) is a Z-linear isomorphism and two pairs {E,ri)/s and {E',ri')/s 
are isomorphic up to an isogeny, which we write {E, rf) /s ~ {E' , ri')/s^ if there exists an isogeny : E/g — > E',g 
such that (f) o 7] = rj' . 

An important point in Deligne's treatment of Sh/q is that instead of the functor J-"^ one can consider the 

isomorphic functor J^ from the category of abelian Q-schcmes to SETS: 

.FQ(5) = {(£', 77)/5l ^E epi{S): E)s « E/s , 77(2^) = T[E')}/^ , 

and = is not just induced from an isogeny, but rather an isomorphism of elliptic curves. Imposing the extra 
condition rjil?) = T{E') is compensated by tightening equivalence from "isogenics" to "isomorphisms" (see 
Section 4 of [Brllj for details). 

The pairs {E,ri^P')/g, for a Z/p-j-scheme S, consisting of an elliptic curve E over S and a Z-linear iso- 
morphism ri^P'> : (A^P°°'>)'^ = T{E) ®g A'^p""^ —: V^p'>{E), are classified up to isogenics of degree prime to 



p by a p-integral model ^/i,^ of Sh/Giljp) { \Ko\ ). By its construction, Sh^^^ is a smooth Z(p)-scheme 
representing the moduli functor F'^p^ from the category of Z(p)-schemes to SETS 

(3.1) J-(^)(5) = {(X,ry(^))/5}/«, 

and two pairs {X^rj^P') /g and {X' ,7]'^^')/^ are isomorphic up to a prime-to-p isogeny, which we write 
{X,T]'-P'>)/s w {X' ,r]'^P'>)/s, if there exists an isogeny : X/g -^ X'.g of degree prime to p such that 
(j) o rj — rj' . By the same token, we could also tighten the equivalence from "isogenics" to "isomorphisms" 
and consider the isomorphic functor !F^p'> from the category of Z(p) -schemes to SETS: 

(3.2) ^^P\S)^{{E',^)/s\3Ee:F^P)^S) : E^g » E^s , V^^H^') = T^^HE')}/^ . 

The pair x(a) = (^X (a) , rj'^P^a)) , for a Z-lattice o with a ®z Zp = i? (g)^ Zp, constructed as above, gives 

rise to a W-point on 5/i'^P-' to which we refer as a CM point. 

Sh'^P'^ has a G(A(°°^)-action where each adele 5 G G(A^°°)) acts on a level structure 77^^-' by 77*^^-' 1— t- r]og'^P°°\ 
A sheaf theoretic coset 77^^^ = •q'^^^K^ for an open compact subgroup i^T C G(A'^°°)) maximal at p (i.e. 
Kp = G{'Lp)), is called a level i^-structure. The quotient SK-^' = Sh^^'' /K represents the quotient functor 

T^^\S)^{{E,fj(py)/s}/^, 
and Sh^P^ = lim Sh^ when ii' — G{Zp)xK'^P'' and if '^^ running over open compact subgroups of G(A(p°°^). 

When K is chosen to be r(A^) for p | A^ ( |PAFj Section 4.2.1), Shx is isomorphic to a, fine (when A^ > 3) or 
coarse, moduli scheme dJl{T{N))/z[i/ff] of level r(7V) (the principal congruence subgroup) representing the 
following functor from the category of Z[l/iV]-schemes to the category SETS 

VriN){S) - [iE,^N ■■ i^/NZ) - E[N])^s]/^ , 
and hence 

Then 

at(r(7V))/z[i/^,p„] = |jOT(r(7V),C) , 
c 

where the union is taken over all primitive A'^-th roots of unity C. and 3Jl(r(iV), C) is a modular curve of level 
r(iV) representing the following functor from the category of Z[l/iV, /itArJ-schemes to the category SETS 

T^riN),dS) = [iE,<PN : (Z/NZ) = E[N])^s I (0iv(l, 0), <^jv(0, 1)) = C]/s , 

with (•, •) denoting the Weil pairing, and with m{r{N), C)(C) = T{N)\P^. 
The complex points of Sh have the following expression 



Sh{C) ^ G(Q)\ (x X G(A(°°))) /z(Q) . 



where Z denotes the center of G and the action is given by ^{z, g)u — {^{z),^gu) for 7 S G(Q) and u G 
([De79] Proposition 2.1.10 and jMij page 324 and Lemma 10.1). We write [z,g] e Sh{C) for the image of 

{z,g) GXxG(A(°°)). 

3.3. CM points. A point x = [z,g] G Sh{C) where z generates an imaginary quadratic field Mx = Q{z) 
is called a CM point. In this paper we devote our attention to points x — [z,g] for which M^ — Q{z) is 
actually our fixed imaginary quadratic field M. The corresponding elliptic curve E^ from x — {Ex,rjx) has 
a CM type (Af,S). 

az\ , \ I z\ m • -.1 « (00) 



We define a regular representation p = p^ '■ M'' M> G((Q)) by j = Pz{oi) -, ) • Tensoring with 

we may regard pz as a representation pz : {M^^')^ ^^ G(A(°°^), and further conjugating by g we get 
Px : [M^^')^ '-^ G(A(°°)) given by px — g^^pz{a)g- To each point {E,ri) G Sh we can associate a lattice 
L = f]-^{T{E)) C (A(°°))2. In the view of a basis w of L, the G(A(°°))-action on Sh given by (^,77) h^ 
{E,ri o g) is the matrix multiplication wT i— > g^^w'^ because {r/ o g)^^(T(E)) = g^^ri^^(T{E)) = g^^L, 
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where j stands for the transpose. The fiber E^ at a; £ S'ft.(C) of the universal elliptic curve over Sh/Q has 
complex multiplication by an order of M , that is, under the action of R via px, g^^L fl Q^ is identified with 
a fractional ideal of M prime to p. 

The CM points associated to proper i?cp"-ideals a prime to p are built in three stages. The full account of 
this construction is given in Section 5.1 of |Brll) . we refer the reader there for details beyond the following 
brief exposition. 

First, we equip X{R)iy^ with appropriate level structures and a fixed choice of an invariant differential 

oj{R) on X{R)iYM so that H°{X{R), ilx{R)^w) = yVuj{R). Any choice of a Z-basis (wi, ^2) oiR = R®iZ 
gives rise to a level structure rj'^P\R) : (A(p°°))^ = y(p)(X(i?)) defined over W, as explained in Section [XT] 
In particular, fixing a choice of zi G i? such that i? = Z + Zzi we get a Z-basis (wi , W2) of R. Since X(i?)/yy 
has ordinary reduction over W, we can identify pLp^ with the connected component X{R)[p°°]° = X{R)[p°°], 
obtaining the ordinary part of a level structure at p, namely 77°"^ (i?) : /ipoo '-^ X{R)[p°"]. The etale part of 
a level structure at p, namely rufiR) : Qp/Zp = X{R)[p°°Y^ = X{R)[p°°] over W is then furnished by the 
Cartier duality. 

Second, for every proper i?c-ideal 21 such that 2lp = R^j^'Lp, we then induce from X{R)/yj corresponding 
level structures and an invariant differential on X(2l)/vv- Regarding c as an element of A^, {cwi^W2) is a 
basis of Re over Z giving rise to a level structure tj^p^Rc) : (A(p°°^)^ = V'^^'' {X (Re)) . Choosing a complete 
set of representatives {ai, . . . , a^f- } C M^ so that M^ = |J ■ -^ Af ^a^-R^M^, we have 2t = aujRc for 
some a G M^ and 1 < j < H^, and we can define rj'^P^Wi) = a~^aJ^i]'-P\Rc). Since Wip ^ R ®z Zp, 
X(i? n 2t) is an etale covering of both X(2t) and X{R), and we get 77°"^^ (21) : pp^ = X(2l)[p°°]° and 
77^* (2t) : Qp/Zp ^ X(2l)[p°°]'^* first by pulling back r]°''^iR) and rj°^R) from X(i?) to X(i?n 21) and then by 
push- forward from X{Rn 21) to X(2t). Thus we get a CM point 



x(2l) = (x(2l),r;(P)(2l),77^'(2l) x r;-'i(2l)) 



/w 



on S*/! associated to a proper i?c-ideal 2t. Note that uj{R) induces a differential a; (21) on X{'Qi) first by pulling 
back Lo{R) from X{R) to X(i? n 21) and then by pull-back inverse from X{R n 21) to X(2l). The projection 
TTi : X(_Rn2l) ^> X(2t) is etale so the pull-back inverse (tt*)"^ : ^x(Rn%)/w ~^ ^x(a)/w i^ ^^ isomorphism, 
whence H°{X{^),nxi%)/w) = Ww(2t). 

Third, if C C X(2l)[p"] is a suitable rank p" subgroup scheme of a finite flat group scheme X(2l)[p"] 
that is etale locally isomorphic to Z/p"Z, we study geometric quotient of X(J2i) by C giving rise to a 
desired CM point x(a) associated to a proper i?cp" -ideal a prime to p. To be more precise, note that 
X(2t)[p"] = X(2l)[p"] ® X(2l)[p"] = Z/p"Z © /^p. over W. If Cp- and 7pr. are the canonical generators of 
fipn and Z/p"Z, respectively, then we actually consider C to be one of the p'^~^{p — 1) rank p" finite flat 
subgroup schemes C„ = (Cp""7p") of X(2l)[p"], for 1 < m < p" and gcd(u,p) — 1. Since the extension VF/Zp 
is unramified, C„ as a finite flat subgruop scheme is well defined over VV[^pn]. Thus, the geometric quotient 
X(2l)/Cti is defined over Wl^pri.]. It can be shown that X{%)/Cu — X{au) where a^ is a representative of 
one of p""^(p — 1) proper i?cp"-ideal classes in Cl^ that project to the proper ideal class of p~"2l in CIq . 

The quotient map tt : X{Rc) -^ X{au) is etale over W[/ip.i] so we obtain level structures rj^P^^au) — 
7r,?7(p)(2l) = TT o 77(P)(21), Vp (a) = TT*r]°"^i'^) = tt o r]°"^{'^) and r]p{a) = n^Vpi"^) = tt o ?7;*(2l), as well as an 
invariant differential a;(a) = (7r*)^^CL'(2t) on X{au)- In this way we created p"'~^{p — 1) CM points 



xiuu) - [xiau),v^P\au),4\au) x r?-'i(a„) 



/W[pp™] 



on Sh, equipped with an invariant differential Lu{au) on X{au), where these o„'s are representatives of exactly 
pK-i^p _ 2^ -J proper i?cp"-ideal classes in Cl~ that project to the proper ideal class of p~"2l in CIq'. 

Note that the complex uniformization X{au){C) = C/ttu induces a canonical invariant differential uJao{ciu) 
in ^x{au)/C by pulling back du, where u is the standard variable on C Then one can define a period 
floo G C^ by w(a„) — 5^oo'^oo(flu) f jKa78a) Lemma 5.1.45). Note that 57oo does not depend on a„ since 
a;(ati) is induced by uj{R) on X{R) by construction. 
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As explained at the end of Section [521 the ordinary part of the level structure at p, 'ri°'^'^{au) ■ jJ-p^^ — 

X(a„)[p°°] induces a trivialization (G„j ^ X(a„) for the p-adic formal completion X{au) i-^t^ ^ of X{au) 

along its zero-section. We obtain an invariant differential ijjp{au) on X(ati) ;^r ^i by pushing forward -j- on 

Gm, which then extends to an invariant differential on X{au) /w[p. n] also denoted by a;p(a„). Then one can 
define a period fip £ W^ , independent of a„, by oj{au) = VLpUjp{au) f |Ka78aj Lemma 5.1.47). 

4. Serre-Tate deformation space 

In this section we restrict our attention to CM points x = [z,g\ € Sh{C) for which z generates our fixed 
imaginary quadratic field M, i.e. M = Q{z), and so the fiber Ex at x of the universal elliptic curve over 
Sh/q has a CM type (M, S). 

Following Katz's exposition |Ka78b| . we recall some basics of the deformation theory of elliptic curves 
over complete local W^-algebras whose residue field is ¥p. Denote by CL/^/ the category of such algebras. 

Fix a CM point x = {Ex,r]x ,rf^^ x r?®*) e Sh. The Serre-Tate deformation space S represents the functor 
V : CL/w ^ SETS given by 

(4.1) r{A)^{E/A\E®A^p^Ex/f^},^. 

First, if Sh^iy^ is a formal completion of Sn-Jy^ along x = {Ex,'qx ) £ Sh'^^^iWp), then the universality of 

5/i(P) furnishes Slix]^ ^ S/w Indeed, STi^^^ classifies {E,rl§'^)/A with (-B,??^^') ®a^p = {Ex,ri'i'^), and 

the level structure rjx at the special fiber extends uniquely to rf^ on E/a because E[N] (for N prime 
to p) is etale over Spec(A). Second, the Serre-Tate deformation theory furnishes a canonical isomorphism 
S/w = Gm/w- Indeed, E/a G ^(^) is determined by the extension class of connected component-etale 
quotient exact sequence of Barsotti-Tate groups 

(4.2) -^ £[p°°]° ^ E[p^] -^ E[p°°f -^ , 

and by a theorem of Serre and Tate (Theorem 2.3 in [HilOa] ) such an extension class over A is classified by 
RomiE[p°°]f^, E[p°°]'}^) ^ Hom(Qp/Zp/^,Aip=e/^) = \mifip,.{A) = G„,(A) . 

n 

Note that to make this identification we used the fixed rj'^^^ : fip^ ~ Ex[p^]° and its Cartier dual inverse 
4':Qp/Zp = Ex[p^]'''. 

Let t be the canonical coordinate of the Serre-Tate deformation space S so that 

S = Gm = SpiQ^W[t, t-^]/{t - 1)") = Spf (VF[[r]]) (T = t - 1) . 

n 

Strictly speaking, the Serre-Tate coordinate t = t^ depends on the point x G Sh since we used the fixed 77°'''^ 
and rjx^ to identiiy S ^ G„i. 

For any deformation E/a of Ex, where A G CL/i^, we can compute the assigned value of the Serre-Tate 
coordinate t{E/A) G Gm{A) in the following way (see Sections 2.1-2.3 of [HilOa] for details). Noting that 
any object in CL/^k is a projective limit of artinian objects, we may assume for the moment that A is an 
artinian object in CL/^y. Using ri™^{E) and r]p^{E), the connected component-etale quotient exact sequence 
of Barsotti-Tate groups (14.21) becomes 

-^ Mp- ^ ^b°°] ^ Qp/Zp -^ . 

The Drinfeld's theorem in deformation theory (Theorem 2.1 in |HilOa) ) assures that E°{A) is killed by p"° 
for sufficiently large uq. Starting from y e E{¥p), we can always lift it to y G E{A) because of smoothness of 
E/A, and the lift y is determined modulo Ker(_E(A) -^ E{¥p)) = E° which is a subgroup of £'[p"] if n > no- 
Thus p'^y G E°{A) is uniquely determined by y G E{¥p), and if y G -E[p"] then p"y G E°{A), giving rise to 
a homomorphism "p"" : E[p^]{¥p) — )► E°{A), via y M> p^y, called the Drinfeld lift of multiplication by p" 
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(; |Ka78b| Lemma 1.1.2). Taking 1 G Zp = r(Qp/Zp) and viewing it as 1 = 1^^ ^ for ^ G Qp/Zp[p"], the 
value "p""i£~^(4r) £ A^p"(^) becomes stationary if n > no and we have 



p" 



When £^ is a deformation over A G CL/\y for A not being artinian, writing A = Tim i? for artinian _B, we 
define t{E/A) = Inn^ i(-E XaB/b)- Note that i(£;/A) = te/A(l, 1) where (7£;/a(-, : TE[p°°Y^ x r£;[p°°]'^* ^ 
GmiA) is a biUnear form in Section 2 of |Ka78b| that corresponds to deformation E^^ in estabhshing 
representabihty of the deformation functor V by the formal torus Hom^ {TE[p°°]'^'^ x TE[p°°Y'^, G„i)- 

By definition, t{Ex) — 1 because the connected component-etale quotient exact sequence oi Ex[p°°] splits 
over W by complex multiplication and the existence of a section s 

^fip^ — '^^Ex [p° 

allows us to verify 



tiE^) = 1^ >""*r^ [-) = iiBP"^ (^- j = 1^ 1 = 1 . 

Let {£, ij) be the universal deformation of E^ over S = Gm- For each p-adic modular form / G V{N; W) 
we call the expansion 

f{t):=fi£,rj)eW[[T]] {T = t - I) 

a i-expansion of / with respect to the Serre-Tate coordinate around a CM point x G Sh. We have the 
following i-expansion principle: 

(t-exp) The i-expansion: / M. f{t) G Vl^[[r]] determines / uniquely. 

Let d : V{N] W) — > V{N\ W) be the Katz p-adic differential operator acting on p-adic modular forms whose 
effect on the (/-expansion of a modular form is given by 

(4.3) d^a(n,/)g" = ^na(n,/)g» 

n>0 n>0 

( [Ka78aj (2.6.27)). A key property of d is that, by its construction ( |Ka78bj Section 4.3.1), it is S'-invariant 
and the canonical Serre-Tate coordinate t is normalized so that 

Note that the i-expansion of / with respect to the Serre-Tate coordinate t around a CM point x can be 
computed as the Taylor expansion of / with respect to the variable T by first applying -^ and then evaluating 
the result at x (see (4.6) of (HilOaj ). 

5. Anticyclotomic p-adic L-function 

To any given 14^-valued p-adic measure ji on Zp we can associate the corresponding formal power series 
^^(i) by 



n=0 \"'^i> 



'''dAi(a;) IT" {T^t-l). 
n! ' 



It is well known that the measure ^ is determined by the formal power series $^(i) and /x i-^- $^ induces 
an isomorphism ^(Zp; W) = W[[T]] between the space JiiTL^; VF) of all W-valued measures on Zp and the 
ring of formal power series iy[[r]]. Moreover 



d 
di. 
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x"dAi = ( i— ) ^p\t=\ for allm > . 



The space of measures ^(Z^; W) is naturally a module over the ring Cont(Zp; W) of continuous W^- valued 
functions on Zp in the following way: for (p G Cont(Zp; W) and /i G ^(Zp; W) 

^d(0At) = f ^{x)(t)ix)dfi{x) for aU^ G Cont(Zp; W) . 
Jzp 

When (j) G Cont(Zp; W) is a locally constant function factoring through 'Lp/p'''^'Lp^ we have 

(5.1) $^^ = [0]$^ where [0]a>^(t)=p-" ^ (/)(6) ^ r''$^(a) 

and 

(5.2) ^ 0(x)x"dM(x) = (^i^) ([0]$M)k=i • 

Let 21 be a proper i?Ar,^^-ideal prime to p representing a class in CIq . Let d : V{N; W) — ?► V{N; W) be the 
Katz p-adic differential operator acting on p-adic modular forms. Classical modular forms are defined over 
a number field, so we may assume that / is defined over a localization V of the ring of integers of a certain 
number field. We take a finite extension of W generated by V and, abusing the symbol, we keep denoting it 
W. Then (d'"/)(x(2l),Wp(2l)) € W hy the rationality result of Katz f ^Ka78a, Theorem 2.6.7). We define a 
VF-valued measure d/i/^a on Zp by 

(5.3) / Qd^/,a(2:)- Q/(a:(2l),c.p(a)) foralln>0. 

Then clearly 

x™dAi/,a = (d"/)(a;(2l),cjp(a)) for aUm > 0. 

From the point of view of the Serre-Tate deformation theory, the power series <J>^^ „, (i) has a neat de- 
scription given by the following 

Proposition 5.1. $py: a (i) is the t-expansion of f with respect to the Serre-Tate coordinate t around the 
point a;(2l). 

Proof. The proposition follows from the elementary identity (*^) — fjr^ ([LFE] Lemma 3.4.1 on page 80), 
dm and the fact that t{X{^)) = 1. Indeed, if T = t - 1, we have 

m = t sSf <"^" ^ £ C?)^<'>^" ^ £ (,>(4^)...(«))r- ^ f: (/ {:y„.) T" = ..„, 

n=0 n=0 ^ ' n=0 ^ ' n=0 \-^ *p V / / 

D 

One of the key facts regarding the measure d/i/ iji is given in Proposition 8.3 of [Brllj . This proposition 
states that for any function : Z/p"Z ^ C, n > 1, we have 

where 0~ : Z/p"Z — ;> C is defined by (p~(x) := </>(— x). Moreover, if {a„}„g(z/p"Z)x is the set of proper 
i?Ar„^pr. -ideals whose classes in Cl~ project down to the class of 21 in Cl^ via the canonical tt : Cl~ — > CIq , 
and if (^ : (Z/p"Z)^ — > C^ is a primitive Dirichlet character of conductor p", we have 

(5.5) / <f>{x)x-^Apf,^{x)^G{<i>) J2 rH~u)d"'f(Mau),iOp(au)) 

•^^p «e(z/p"Z)x 

where G{(j)) is the Gauss sum. 

The Proposition 8.3 of ' Brllj is proved by studying the effect of the Hecke operators on the Serre-Tate 
coordinate t in the infinitesimal neighborhoods of the CM points on Sh. The Hecke action in the infinitesimal 
neighborhood of a CM point x is two-fold: it affects the Serre-Tate coordinate t but also the global level 
structure rjx' of a point on Sh (see IBrll] for details, and Proposition 6.4 and Proposition 7.3 in particular). 
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Note that for our purpose it suffices to work over Igusa tower Igj^(p) over TI{N^p^), where N^p^ is prime- 
to-p level. Thus, in characteristic 0, the modular form is on yjl^N^P^p^) for some r > 0. In a nutshell, we 
first verified there that x(o„) = x{%) ° (i "^, " ) on Sh/ri{N'^P^p^) for a proper i?Ar^^pr. -ideal a„ such that 
<^uRn„s = 2li?jv„^. Then we computed the Serre-Tate coordinate around x(2l) of the point a;(a„) on Sh, 
namely t{x{au)) = Cp" i for a fixed choice of a primitive p"-th root of unity C^pr. . That being said, (|5.5p follows 
from Proposition 15.11 combined with (|5.ip and (|5.2p . 

Let {2li, . . . ,21//-} be a complete set of representatives for CIq" and let 2tj — AjRn^^ for Aj G M^ , 
j — 1, . . . , i?~. We may assume that Aj_p = 1 for all j = 1, . . . , H^ . An explicit coset decomposition 



H' 



(5.6) ci^ = IJ ^j'z; 

enables us to construct a VF-valued measure d/i/ on Cl^ by piecing together H~ distinct Vl^-valued measures 
dfij on Zp , so that for every continuous function ^ : Cl^ -^ W we have 

H 



Jci- .1 Jz^ 



To obey technical assumptions of Hida's Waldspurger-type of formula, namely the Theorem 4.1 from 
[HilObj . we provided a recipe in Section 8.2 of [Brll] on how to fix once and for all an arithmetic Hecke 
character A : M^\M^ -^ C^ so that A(aoo) = a^ and A|ax = ip^^, where xp = ^\ ■ j^*^ is athe central 
character of f (see Section 6 of |Brll] for definition). Due to the criticality assumption A|a>; = tp^ , the 
conductor of A is not independent of the conductor c{'ip) of nebentypus ip. Thus we provide the following 

Recipe for a choice of A. Note that regardless of the choice of A we have: 

• at primes I \ c{ip) Hecke character A is unramified and 

• at non-split primes /|c(V') the conductor of Xi divides P'''^h'=(^)) hence does not exceed l^^^' . 
However, if a split prime l\c{^p) we make a choice as follows. Note that M^ — M-^ x M^' = Q^ x Q^ and 
consequently A; — XjXi. Then 

• at split primes l\c{Tp) we choose A; so that its conductor is supported at I, that is, we choose Xj to be 
unramified and Xi to have conductor (ordi(c(i/.))^ 

Set 

/(rt=^a(i,/)(z^". 

By adjoining the values of the arithmetic Hecke character A to W^ we obtain a finite extension of W which, 
abusing the symbol, we keep denoting W. Writing A : M'^-\M^ ^ W^ for the p-adic avatar of A defined by 
A(x) — X{x)xp, the VF- valued measures d/ij are given by 

dfij = A(2l~^)d^^(p)_a^ for j = 1, . . .,H~. 

Note that (j5.4p guarantees that the measures dfif(p)<^. are indeed supported on Z^ . Since Aj^p = 1 we 
actually have A(aj^) = A(aj^). 

Let X '■ M^\M^ — > C^ be an anticyclotomic arithmetic Hecke character such that x(aoo) = Ooo ~ for 
some TO > and of conductor NnsP^, where n > ordp(A^) is an arbitrary integer, or of conductor Nns. Write 
X ■■ M^'XlVq -^ C^ defined by x{x) = x{x)xp'''^^''^ for its p-adic avatar. Denote by Im = Af^ \R'q / M^ 
the idele class group. Since {R 0^ Zp)^ = R^ Rp = Zp © Zp , the projection pr : Im — > Cl^ at p-th 
place is given by prp : Xp t-^ xl,~^. Thus, in the view of the coset decomposition (15. 6p . xlz^ (•^) — Xp(^)^ 
for z = Xp~'^ where Xp = Xp ° P^p is a primitive Dirchlet character of conductor p". 

The Mazur-Mellin transform of measure d/i/ given by 



\z" 



^{f\ 0^1 idii^ , e e Hom,„„t(Ci;„ W 
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is a p-adic analytic Iwasawa function on the p-adic Lie group lioTiicont{C\^,W^) and, using (j5.5p . for the 
p-adic avatar x we have: 

^M = §Mh E A(a-)x(a-)(d™/(''))(x(a„„),a.,(a„„)) . 
"P "P j=i«e(z/p"Z)x 

Here, for each j = 1, . . .,-&", we have a;(Oj>) = a;(2lj) o ( J "p^"" ) on S'/i/f i(iV(p)p''), u G (Z/p"Z)^, and 
Oj^u's are exactly the p"^^{p — 1) proper i?jv^^pr. -ideal class representatives such that Rj^uRn^s = ^^a^^sj 
that is, whose classes in Cl^ project down to the class of 2t in CIq . Note that the proper i?jv^^p"-ideals 
Uj^u in the above double sum form a complete set of class representatives for Cl^, and by means of the 
Hida's Waldspurger-type of formula from [Hi 10b' the double sum is related to the central critical value 
L(2,7rf ® (Ax)") ultimately yielding the interpolation formula 

for an explicit constant C(A,x, »ti) (see Section 9 of jBrll] and the Main Theorem there in particular). 

6. Two VARIABLE ANTICYCLOTOMIC p-ADIC L-FUNCTION ATTACHED TO A HiDA FAMILY 

Write p for 4 or p according to p = 2 or not. Let Wq be a (sufficiently large) discrete valuation ring finite 
fiat over Zp. We choose and fix a generator 7:=l + pofr:=l + pZp, which is the maximal torsion- free 
subgroup of Zp , and identify the Iwasawa algebra A :— Wo[[T]] with the formal power series ring Wo[[r]] 
via 7 I— > 1 -|- T. 

Let -0 : 'Z/Np^ pZ -^ W^ and consider the space of cusp forms Sk(To{Np'^p), ip), {p\ N,r > 0). Denote 
by Z [■(/;] and Zp[i/;] the rings generated by the values of tp over Z and Zp, respectively. The Hecke algebra 
over Z[^] is the subalgebra of the linear endomorphism algebra of Sk{To{Np^p), tp) generated by the Hecke 
operators 

h = ZmT{n) I n = 1,2, . . .] C End(5fc(ro(iVp'^p), ./;) . 
If we set hk,tp = h^^^/Wo — ^ ®z[i/'] ^o, the ordinary Hecke algebra h^''^ C hk,tp is the maximal ring direct 
summand on which U{p) is invertible. In other words, if we write e = lim„_j.oo U{p)"' under the p-adic 
topology of /ifc,^, we have h^.''j], = ehk,^- Let w denote the Teichmiiller character modulo p. By utilizing the 
fixed embedding ip : Q '-> Cp, the idempotent e acts on the classical space SkiT{){Np'''p), xp) as well, and we 
denote the image by Sl"^{To{Np'p),'ij}). 

As constructed in [ Hi86a| and |Hi86b[ . the unique "big" ordinary Hecke algebra h°''^ is characterized by 
the following two properties usually referred to as Control theorems: 

(CI) h°'''^ is free of finite rank over A, 

(C2) When fc > 2, h.°''^/{l + T - ^^)h°''^ ^ h°f}[^^ for Vfc := V"^"''- 

We can let a = (op, ajv) £ Z^^ x (Z/iVZ) act on V{N; Wo) by 



f\{a){E,iN,ip) ^ f{E,aNiN,ap ip) ■ 

For s ^ Zp and a character e : F — ;> iJ.p°°, a p-adic modular form / g V{N; Wq) is said to have weight (s,e) 
if f\{z) = e{z)z''^ f for all z G F. A A-adic modular form is a formal g-expansion 

T{T;q) = J2<n;T)iT)q-eA[[q]] 

n>Q 

such that J"(7* — 1; q) is the g-expansion of a p-adic modular form of weight (s, ■), for all s G Zp. We denote the 
space of A-adic modular forms by G{N; A). We call J- a A-adic cusp form if -F(7* — 1; 9) is a p-adic cusp form 
for all s ^ Zp. A A-adic cusp form is called arithmetic if for all sufficiently large positive integers k, 7^(7'° — 1; q) 
is the g-expansion of a classical cusp form of weight k. Denote by S{N, ip] A) (resp. S°'^'^{N, ■0; A)) the space 
of all arithmetic A-adic cusp forms such that T{'j'^ — 1;?) & Sk(ro{Np'^p) , xpk'jWo) (resp. ^-"(7'^ — l;?) G 
S'^'''^(ro(iVp''p), tpk', Wq) for all sufficiently large positive integers k. The space S°^''^{N, tp; A) is free of finite 
rank over A and moreover is the A-dual of the "big" ordinary Hecke algebra h°'''^. Thus, all the structural 



properties of S°'^'^{N, i/j; A) follow from the structural properties of h™'^, and in particular the specialization 
J" M- 7^(7'" - 1; g) yields 
(C2') When fc > 2, S°"'iN, ^; A) ®a A/(1 + T- 7''^ = ^^'■'^(ro(7Vp'^p)>fe; Wq). 

We refer to the family T — {J-{'y'' — l;q)}k of ordinary Hecke eigenforms as a p-adic analytic Hida family. 
Thus, any element in S^'^'^{ro{Np^p), tpk', Wq) for /c > 2 can be lifted to a p-adic analytic Hida family. 
Each element $(r) G A gives rise to a bounded p-adic measure on T by setting 



/ zM$ = $(7" - 1) 



for all p-adic integers s. Without loss of generality we may assume Wq C W. Note that the space V{N; W) 
of p-adic modular forms over W has a well defined norm |/|p — sup„|a(n, f)\p. For a given A-adic modular 
form G G{N; A), which is not necessarilly arithmetic and not necessarilly ordinary, following Section 3.2.4 
of [GMEj we can define a bounded p-adic measure on T with values in V{N; W) by 

(6.1) /zMg = ^a(n;g)(7^-l)g" 

^r „>o 

for all p-adic integers s. 

Let J^ — {7^(7'^ — l;q)}k — {fk}k G S°'^'^{N,ip;A) be a p-adic analytic Hida family of Hecke eigenforms 

fk G S^'^''{To{Np-p),i^k;Wo). We set 

{n,p) = l 

and note that J-'^P' , even though non-ordinary, is a A-adic modular form in G{N; A) and hence it gives rise 
to a bounded V{N; Ty)-valued measure dJ^^P^ on F by means of (|6.ip . 

In a way consistent with the recipe provided in Section[Sl we are going to associate to each fk an arithmetic 
Hecke character A^ of M of 00-type (fc, 0) so that Afcl^x = i/>^^ for the central character xp^ '■= ^k\ ■ Ia*^ = 
Tpuj^'' I ■ Ia ' '^^ ""ffe ■ First, we fix once and for all a finite order arithmetic Hecke character tp : M^\M^ — > C^ 
such that i/J|ax — tp~'^ . Moreover, noting that for a split prime l\c{i{j) we have Mj^ = M-^ x M(^ = Q^ x Q^ 
and consequently 4'i = VtV'Ii we choose ipi so that its conductor is supported at I, that is, we choose A^ to be 
unramified and A[ to have conductor [ordi(c(V'))^ Second, we fix once and for all an arithmetic Hecke character 
uj : Ad^\M^ — > C^ of cxo-type (1, 0) such that a)|A>; = "^1 • |a and we choose Cjp = WpWp so that its conductor 
is supported at p, that is, we choose wp to be unramified and Wp to have conductor p. Then for the Hecke 
eigenform fk, the arithmetic Hecke character Afc := ipuj'^ is of c»-type (fc,0), obeys the recipe provided in 
SectionEl and A^Iax = tp^^uj'"] ■ || = ■0^^ 

Recall that {2li, . . . ,21//-} is a complete set of representatives for CIq" such that 2lj = AjRm„^ for 
Aj € M^ , j = 1, . . . , i?~, chosen so that Aj^p = 1 for all j = 1, . . . , H^ . Note that (|5.6p yields a coset 
decomposition 

H- 
CI- xF=|j2lTiz;xF, 

enabling us to construct a M^-valued measure d/Lt on Cl^ x F by piecing together H^ distinct VF-valued 
measures dfij on Z^ x F, so that 

(6.2) f (1)1® 02dM := V (t)i{%^) j (t>i® 02dMj for 0i (8)(/.2 € Cont(Cl;„ x F; W). 

The identification i : F = Zp induces the indentification of measure spaces ^(F; V{N; W)) = ^{Zp; V{N; W)), 
where a measure /i G .^{T; V{N; W)) corresponds to /i+ £ ^{JLp\ V[N:, W)) via J^ 0d/i+ = Jp (potdfj.. Fur- 
thermore, for any a e Z^ we can define another measure n+\a £ JiiTLp; V{N; W)) by setting /^ (^d(/x+|Q;) = 
/^ (p{ax)dy„^ ix). In this way, for any /i € ^(F; V[pN\ T4^)) we can think of a measure /ija G ^(F; V{pN\ W)) 

13 



which satisfies Jp z''d{iJ.\a) = a'' /p z'^d/i. Combining this with (|6.ip . for every j — 1, . . . ,H , we define a 
bounded V^(-/V; W^)-valued p-adic measure dJgf. on T by 

(6.3) ^ z'^dJ-ff;.) := Afc(2l7i)^(P)(7'- - 1; g) = ^^laTi)/'") ^ 

Note that here Viw'=(2lJ^) = ^^^''(21"^) as A^-^p = 1. 

For any / e 1^(A^; W) one can define a V{N; W)-valued p-adic measure d/ on Zp by 

d/^n)/ foralln>0. 

Considering a CM point x = {Ex , rix\ r]™'^ x ?7^*)/w G Sh{W) and an invariant differential cUp on fi'j^/H', 
we can evaluate /^ 0d/ e ^(A^; W) at a pair (x, Wp)/^^/, thus getting a bounded p-adic VF- valued measure 
d/(a;,a;p) on Zp. In other words, if we denote by ev(^x,u ) '■ V{N; W) -^ W the evaluation homomorphism, 
we have that 

(6.4) / cbdfix,ujp) := ez;(,,^^) ( / 0d/ ) for G Cont(r; W^) 



defines a bounded p-adic W^- valued measure on Zp. Note that for the measure /^/,a defined by (|5.3p we have 

d/(a;(2lj),wp(%)) = M/,a, , 

and whenever the Fourier coefficients of / are supported at integers prime to p (i.e. a{n, f)—0 when p \ n) 
the measure is supported on Zp . Here the CM points x(2lj) and the invariant differentials Wp(2lj) are the 
ones constructed in Section 13.31 and used throughout Section [5] 

Thus, for 02 e Cont(r,M/^), by (gSl) we have /p ^adJ^f ^ V{N;W) and in the sense of dH]) we 

can consider d ( Jp (j)2dT^ j (a;(2tj),a;p(2lj)) as a bounded p-adic M^- valued measure on Zp. Then for each 
j = 1, . . . , H~ , we define a W^- valued measure dJ'^ on Z^ x F by setting 

/ 01 ® 02d-F^ := / 0id f / (t>2dT^n (x(%), Wp(2tj)) for 0i ® 02 e Cont(Z; x F; W^). 
Jzpxr Jzp \Jr ^ J 

Using (|6.2p . we finally get a VF- valued measure dJ" on Cl^ x F by setting 

6i (g) 02dJ" := V 01(217^) / 01 02dJ-^ for 0i «> 02 £ Cont(Cl^ x F; W). 

ci-xr ^.^1 JZp^xr 

As usual, we embedd Z>2 into Homcont(r, T^^) via fc M> (7 ^^ 7^"'). Note that by our construction the 
Mazur-Mellin transform £(-F; •, •) of dJ^ satisfies 

C{T; e, k) = if (A; for C e Homeo„t(Ci;„ VF^) and fc > 2, 

where ^{fk',-) is the Mazur-Mellin transform of the measure /i/^ constructed in Section [S] Thus, if x ■ 
M^\AI^ — )► C^ is an anticyclotomic arithmetic Hecke character such that x(aoo) = Qoo "^ for some m > 
and of conductor NnsP", where n > r + ordp(p) is an arbitrary integer, or of conductor Nns and fc > 2, by 
(|5.7p we have 

£{T;x,k)Y _^n 7~ M\,t,,, ® {^u^x)-) 



(6.5) ^frlal =C{k,'tP,Cj,x,m) 



for an explicit constant C{k,'ijj,u),XT''^)- This completes the proof of the Theorem ll.il 
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7. I-ADIC VERSION OF THE MAIN RESULT 

We present the construction in the case of a "full" ordinary family of modular forms living on an irreducible 
component Spec(I) C Spec(h°'''^), such that Spec(I) is a finite flat irreducible covering of Spec(A). Write 
a{n) for the image of T{n) in I. Note that (C2) from previous section can be replaced by: 

(C2(I)) When fc > 2 and £ : T -> fip^ is a character, h°''d/(l + T- e{-f)-f'')h°"^ = h%'f^^ for V'fc := i^uj^''- 

If a point P G Spec(I)(Qp) vanishes at (1 + T — £(7)7'^) with fc > 2, we call it an arithmetic point, and 
write ep = e, kp = k and p'"'^^) for the order of ep. When P = P[k,s) is arithmetic, by (C2(I))) there exists 
f(k,e) & S'j^^'^{ro{Np'''^^'>p), ei^k]^/ P{k,e)) such that its T(n)-eigenvalue is given by ap{n) := P{a{n)) e Qp 
for all n. Note that I/P(^k,E) is a finite flat extension of Wq. Thus I gives rise to a family T = {f^k.e) I 
arithmetic P(k,E) G Spec(I)} of Hecke eigenforms which we call p-adic analytic Hida family. It is often 
referred to as ordinary or slope family - note that necessarily \ap{p)\p = 1. Here the Hecke eigenvalue 
ap{n) for T{n) is a p-adic analytic function on the rigid analytic space associated to the p-profinite formal 
spectrum Spf(I). Identifying Spec(I)(Qp) with Homvi/(,-aig(I, Qp), each element a G I gives rise to a function 
a : Spec(I)(Qp) -^ Qp whose value at (P : I -J> Qp) is given by a{P) := P{a) G Qp. Let I denote the 
integral closure of A in the quotient field of I. Then Spec (I) is a finite covering of Spec (I) with surjection 
Spec (I) —f> Spec (I), so abusing the defintion, we may regard the family T as being indexed by arithmetic 
points of Spec(i)(Qp), where the arithmetic points P(k,E) G Spec(I)(Qp) are the points above the arithmetic 
point P{k,E) G Spec(I)(Qp). Let Wo denote the integral closure of Wq in Qp. 

In Section [5] we chose a family of the central critical characters Afc obeying certain assumptions on 
its conductor described by the recipe in Section [3 In this section we construct the "big" character 
A : M^\M^ -^ P such that for each P(k,E) G Spec(l)(Qp), the specializations X{k,E) '■— P{k,e)W I'S- 
stricted to the A^ induces the inverse of the p-adic avatar of the central character of f(k,E) ■ Even though the 
specializations Xik,e) do not obey the requirements of the recipe provided in Section [5l if we assume Heegner 
hypothesis, namely that Nns = 1, the formula from a recent preprint [Hs| justifies the p-adic interpolation 
of the "square root" of the central critical L-value in this case. 

Recall that for s G Zp and a character e : F ^> ^p°°, a p-adic modular form / G V{N; Wq) is said to have 
weight (s,e) if f\{z) = £{z)z'^ f for all z G F. For I as above, we define I-adic modular form as a formal 
g-expansion 

n>0 

such that J-'(P(s£);g) is the g-expansion of a p-adic modular form of weight (s,e), for all weights (s,e). 
We denote the space of I-adic modular forms by G'(iV;I). We call F a I-adic cusp form if J-{P(s.e)]<l) is 
a p-adic cusp form for all weights (s,e). A I-adic cusp form is called arithmetic if for all sufficiently large 
positive integers fc, and all characters e : T ^ A^p^, F{P(^k,e)](l) is the g-expansion of a classical cusp form 
of weight k. Denote by ^(TV, '0;I) (resp. S'°'''^(iV, -0; I)) the space of all arithmetic I-adic cusp forms such 
that T{.Pik,e)\q) e 5fe(Fo(iVp'-p),eVfc;t/P(fe,e)) (resp. T{P(^k,e)\q) e S^'-^iT„iNp-p),ei^k;l/P(k,e))JoT all 
sufficiently large positive integers fc and all characters e : F — >■ /ipoo . The specialization T n> J-{Pik,e) ! ?) 
yields 

(C2") When fc > 2, S°'\N,i;-l) ®i I/F(fc,e) = Sl^\To{Np-p),e^k\l/ P(k,e))- 
We refer to the family J- = {J'{P(k,eyi l)}(k,e) of ordinary Hecke eigenforms as a p-adic analytic Hida family. 
Thus any element in S™'^{To{Np'^Tp),£%l}k]t/ Pi^k,e)) for fc > 2 can be lifted to a p-adic analytic Hida family. 

Let A — T4^o[[Zp ]] and denote by z 1— ?> [z] the canonical inclusion of group-like elements Z^ ^-> A^. Note 
that the space V{N; Wq) of p-adic modular forms over Wq has a well defined norm |/|p = sup„|a(n, f)\p. 

Proposition 7.1. We consider V{N;1) = V{N]Wq)®^1. Then 

G{N-l) = {/ G V{N- 1) I f\{z) = [z]f for all z G F} . 

Proof. This is essentially proved as Theorem 3.2.16 on page 244 of |GME) (the proof itself is on the page 
243). The space V{N,1) has two I-module structures, one coming from the base ring I and another coming 

15 



from the action of F by means of the diamond operators (z). Each T £ F(A^; I) such that T\[z) ~ \z\T for 
all z £ r, has a g-expansion at oo and, by definition we have a natural map 

V{N-l) ®jI/F(fc,e) ^ V^(^;I/F(fc,e)) 

for each P{k,e) ■ I ~^ Qp taking T to J-'{P(^k^^y,q). The tensor product is taken using I-module structure 
induced by the diamond operators. However, both I-module structures coincide on G{N; I) and consequently 
the map is injective by the g-expansion principle. Since the map takes T G G{N; I) to a p-adic modular 
form of weight (fc,e), we conclude that J^ £ G{N;T). 

Conversely, let T £ G{N; I) and we may regard it as a V{N; Wo)-valued bounded measure dJ^ on T in 
the sense analogous to (|6.ip . For each test object (£',ijv, ip)/^., and for a p-adic I-algebra R which may be 
regarded as a p-adic Wo-algehra, we can evaluate L (fidJ- at (E, ij^, ip) m- In this way we obtain a bounded 
Wo-linear form from the space Cont(F; Wq) into _R, which we denote T_{E,iN,ip) £ i?®^^ I. Note that 
R being a I-algebra, together with the I-module structure I x R -^ R given by a ® r — ar, induces a 
surjective algebra homomorphism mn : i?®^^ I ^> R. We then define ~^(£', Jjv, ip) '■= 'mR{T{E, i^, ip)). The 
assignment {E, ijv, ip) M- J^{E, ijv, ip) satisfies the axioms of a p-adic modular form defined over I, i.e. gives 
rise to an element of V{N;I). Moreover, this p-adic modular form satisfies T\{z) — [z]T for all z G F, and 
has the same g-expansion at oo as J^. D 

Let artQ : A^ — > Ga^Q'^^/Q) be the Artin reciprocity map. 

Proposition 7.2. There exists a central critical character A : M^\M^ — > I^ so that for each P(k,e) G 
Spec(I)(Qp) we have that X(k.E) '■= P{k.e)i^) restricted to A^ induces the inverse of the p-adic avatar of the 
central character of {{k,e) ■ 

Proof. Following |Ho] . a critical character is a homomorphism 

which satisfies 9'^{z) = [z] for all z £ Z^ . There are exactly two choices for a critical character, and they 
differ by multiplication by a;~2~. We fix one such choice and set 

e-.Gq^r 

by 0(0") = 9{ecyc{o')), where ecyc : Gq -^ Z^ is the cyclotomic character. Then the homomorphism [•] : 
Zp — > I^ composed with P{k.e) G Spec(I)(Qp) is given by 

N(fc,e) =e(z)7/.(z)a;-'=(z)z'= 

for all z £ Zp . Note that [z](fc_e) is the p-adic avatar of the central character e^uj~''\ ■ j^*"' of f(k,e) because 
the p-adic avatar of the norm character induces the cyclotomic character. We denote by 0(^k,e) and Q(k,e) the 
compositions 

0(,,,) : Zp- A |x "H' Qp e(fe,,) : Gq A fx "H' Qp . 
We define a Qp-valued character of AI^ 

^{k,6){x) = e(fe^e)(artQ(NormM/Q(a;))) , 

and A: M'^\M^ -^ T by 

A(a;) = e(artQ(NormM/Q(a;))) . 
Note that 

Z; "-^'^ AX A Gal(Q(Mp.o)/Q) A z; 

is given by a; i-^' x~^. The nebentypus of f(^k,e) is £ip(j-'~'', and as we noted above, the p-adic avatar of the 
central character of i(k,e) is [z](k,e) = (^fk e)- ^^ follows that 

•^(fe,e)|Ax(a;) = \Ke)ixp) = e^fe^^)(artQ(a;p)) = O^,^^^^^ 
as desired, where x £ Zp , x £ A^ is the idele with x in the p-component and 1 in all other components. D 
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Take an extension of the ring of Witt vectors W obtained by adjoining Wq and, by abuse of notation, 
keep denoting it W. Let a:(2l) ,| — x{Qi)/w ®w I- We define a 1-valued measure d^jr.a on Zp 

jdfijr^s^=( jj"(x(2l),a;p(2l)) foralln>0. 

Setting 

dfj.j = A(aj^)dAi_p(p) 2(^. 

and piecing these measures fij together, we get a I- valued measure d/ijr on Cl^ so that for every continuous 
function ^ ; Cl^^ ^ I we have 

Note that for an arithmetic point P(k.E) G Spcc(I)(Qp) with fc > 2, we have 

where /z/.^, ^, is the measure attached to the cusp form f(^k,e) in Section [Sj We can define a p-adic analytic 
function C{J^; •, •) on Spf (I) x Cl^ by 

Jci- 

As a matter of fact, this is an Iwasawa function on Spec(VK[[Clo2]] x I) in the sense that it is a global section 
of the structure sheaf of Spec(W^[[Cl^]] x I), i.e. an element in iy[[Cl^]] x I. 

If the assume the Heegner hypothesis, namely that Nns = 1, the p-adic interpolation of the central critical 
L- value is justified by the Waldspurger-type of formula proved in a recent preprint [Hs] (Theorem A). Note 
that the Hypothesis A of that theorem is satisfied once we assume the Heegner hypothesis. The formula 
in Theorem A of jHs| is different from the Hida's Walsdspurger-type of formula from |HilOb| . The heart of 
Hida's Waldspurger-type of formula is a delicate choice of a Schwartz-Bruhat function on M2 (A) attaining 
the optimality of theta correspondence (Sections 1.4 and 1.7 of [HilOb] ). and our construction of CM points 
(see Section 5.1 of jBrllj l is from the p-adic point of view precisely tailored for this choice. On the other hand, 
[Hsj follows ostensibly different approach of choosing local Whittaker functions in the process of decomposing 
the global period toric integrals into products of local ones, ultimately resulting in different hypotheses from 
the work of Hida. 

Thus, if X '■ M^\M^ -^ C^ is an anticyclotomic arithmetic Hecke character such that x(aoo) — clod 
for some m>0 and of p-power conductor, and fc > 2, we have 

,,1) f£(^i|^V^C(M.A)-"<-"'- «''"'■''""=' 



n«+2>» ; > ■ ' ' (ni+2»')" 



for an explicit constant C(fc,£,A). 
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